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SEMI-BASIC 1-FORMS AND HELMHOLTZ CONDITIONS FOR
THE INVERSE PROBLEM OF THE CALCULUS OF
VARIATIONS
IOAN BUCATARU AND MATIAS F. DAHL
Abstrat. We use Fröliher-Nijenhuis theory to obtain global Helmholtz on-
ditions, expressed in terms of a semi-basi 1-form, that haraterize when a
semispray is loally Lagrangian. We also disuss the relation between these
Helmholtz onditions and their lassi formulation written using a multiplier
matrix. When the semi-basi 1-form is 1-homogeneous (0-homogeneous) we
show that two (one) of the Helmholtz onditions are onsequenes of the other
ones. These two speial ases orrespond to two inverse problems in the alu-
lus of variation: Finsler metrizability for a spray, and projetive metrizability
for a spray.
2000 MSC: 58E30, 53C60, 58B20, 53C22
Keywords: Poinaré-Cartan 1-form, Helmholtz onditions, inverse problem, pro-
jetive metrizability, Finsler metrizability.
1. Introdution
The inverse problem of the alulus of variations an be formulated as follows.
Under what onditions a system of seond order dierential equations (SODE), on
a n-dimensional manifold M ,
d2xi
dt2
+ 2Gi (x, x˙) = 0, i ∈ {1, 2, ..., n},(1)
an be derived from a variational priniple? An approah to this problem uses the
Helmholtz onditions, whih are neessary and suient onditions for the existene
of a multiplier matrix gij(x, x˙) suh that
gij(x, x˙)
(
d2xj
dt2
+ 2Gj (x, x˙)
)
=
d
dt
(
∂L
∂x˙i
)
−
∂L
∂xi
,(2)
for some Lagrangian funtion L(x, x˙). The multiplier matrix gij indues a sym-
metri (0, 2)-type tensor eld g along the tangent bundle projetion. Geomet-
ri formulation of Helmholtz onditions in terms of gij were obtained by Sarlet
[32℄ and expressed later using the tensor g by Martinez et al. [26℄. There are
various approahes to derive the Helmholtz onditions in both autonomous and
nonautonomous ase. For disussions, see Crampin [7℄, Krupkova and Prine [22℄,
Morandi et al. [28℄.
In this paper we will study the inverse problem of alulus of variations when
the system of SODE in equation (1) arise from a semispray. In Theorem 4.1 we give
a global formulation for the Helmholtz onditions in terms of a semi-basi 1-form.
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If there exists a semi-basi 1-form that satises these Helmholtz onditions, the 1-
form is the Poinaré-Cartan 1-form of a loally dened Lagrangian funtion. Then
the original semispray is an Euler-Lagrange vetor eld for this Lagrangian. In
Setion 4.2, we explain how these Helmholtz onditions for a 1-form orrespond to
the lassi formulation of Helmholtz onditions in terms of a multiplier matrix. To
derive the Helmholtz onditions in Theorem 4.1 we use Fröliher-Nijenhuis theory
on TM \ {0} and geometri strutures on TM \ {0} indued by the semispray. See
Setions 2 and 3, respetively.
It has been shown reently that for the ase of Finsler spaes one of the Helmholtz
ondition is a onsequene of the other ones, Prine [30℄. In [34℄, Sarlet laims that
this Helmholtz ondition is redundant for homogeneity of any order. In Theorem
4.3, we prove that, depending on the degree of homogeneity, one or two of the
Helmholtz onditions an be derived from the other ones. Therefore, in Setion
5.3, we show that a spray S is Lagrangian if and only if only if only two or three of
the four Helmholtz onditions are satised, depending on the degree of homogeneity.
In partiular we disuss Helmholtz onditions for two important inverse problems:
projetive metrizability and Finsler metrizability.
For the projetive metrizability of a spray S, we show that S is an Euler-Lagrange
vetor eld for a 1-homogenous Lagrangian if and only if two of the Helmholtz on-
ditions, expressed in terms of a semi-basi, 0-homogeneous 1-form, are satised.
In Setion 5.3, we explain how these two Helmholtz onditions orrespond to the
Rapsák onditions that haraterize projetive metrizability [31℄. For other har-
aterizations of projetive metrizability of a spray, see Klein [17℄, Klein and Voutier
[18℄, Shen [35℄, and Szilasi [37℄. For the ase of a at spray the two Helmholtz
onditions lead to Hamel's equations studied reently by Crampin [10℄ and Szilasi
[37℄.
For k > 1, we show that a spray S is an Euler-Lagrange vetor eld of a k-
homogeneous Lagrangian if and only if three of the Helmholtz onditions are satis-
ed. In partiular, when k = 2, we obtain three Helmholtz onditions, expressed in
terms of a semi-basi, 1-homogeneous 1-form, for a spray S to be Finsler metrizable.
In Setion 5.3, we explain how these three Helmholtz onditions are related to pre-
vious disussions for the Finsler metrizability of a spray. See the work of Crampin
[9℄, Krupka and Sattarov [20℄, Muzsnay [29℄, Prine [30℄, Szilasi and Vattamáni
[38℄.
An important tool in this work is the dynamial ovariant derivative indued by
a semispray S. The notion of dynamial ovariant derivative was rst introdued
by Carinena and Martinez in [5℄ as a ovariant derivative along the tangent bundle
projetion. A reent disussion of various onnetions assoiated to a semispray
and their relation with the dynamial ovariant derivative is due to Sarlet [34℄.
See also [11, 26℄. Sine all the geometri strutures that an be derived from
a semispray S are naturally dened on the tangent bundle TM , we introdue,
in Setion 3.2, the dynamial ovariant derivative as a tensor derivation on TM
and study ommutation formulae with geometri strutures indued by S. For a
semispray, the dynamial ovariant derivative preserves the indued horizontal and
vertial distributions and hene will preserve semi-basi (vetor valued) forms. The
restrition to semi-basi forms of the dynamial ovariant derivative oinides with
the semi-basi derivation studied by Grifone and Muzsnay [15℄.
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2. Preliminaries
By a manifold M we mean a seond ountable Hausdor spae that is loally
homeomorphi to Rn with C∞-smooth transition maps. Here n ≥ 1 is the dimension
ofM . By TM we mean the tangent bundle (TM, pi,M) and by TM\{0} the tangent
bundle with the zero setion removed. The anonial submersion pi : TM → M
indues a natural foliation on TM , whose leafs are tangent spaes TpM = pi
−1(p),
p ∈ M . Loal oordinates on M will be denoted by xi, while indued oordinates
on TM will be denoted by xi, yi. Then xi are transverse oordinates for the natural
foliation, and yi are oordinates for the leafs of this foliation.
Throughout the paper we assume that all objets are C∞-smooth where dened.
The ring of smooth funtions on a manifold M is denoted by C∞(M), the C∞
module of k-forms is denoted by Λk(M), and the C∞ module of vetor elds is
denoted by X (M). The C∞ module of (r, s)-type tensor elds on M is denoted by
T rs (M) and T (M) denotes the tensor algebra on M .
By a vetor valued l-form (l ≥ 0) on a manifold M we mean a (1, l)-type tensor
eld on M that is anti-symmetri in its l-arguments.
If c : I → M , c = (xi) is a urve, we denote by c′ its tangent c′ : I → TM ,
c′(t) = (xi, x˙i). A urve c is regular if c′(t) ∈ TM \ {0} for all t ∈ I.
2.1. Fröliher-Nijenhuis theory on TM \ {0}. In this setion we give a quik
review of the Fröliher-Nijenhuis theory. For systemati treatments, see the original
paper of Fröliher and Nijenhuis [13℄ and the book of Kolar et al. [19℄. In this paper
we apply this theory on TM \ {0}, following Grifone and Muzsnay [15℄, Klein and
Voutier [18℄, de León and Rodrigues [23℄, and Szilasi [36℄.
Suppose A is a vetor valued l-form on TM \{0}, and α is a k-form on TM \{0}
where l ≥ 0 and k ≥ 1. Then the inner produt of A and α is the (k + l − 1)-form
iAα dened as
iAα(X1, · · · , Xk+l−1) =(3)
1
l!(k − 1)!
∑
σ∈Sk+l−1
sign(σ) α
(
A(Xσ(1), · · · , Xσ(l)), Xσ(l+1), · · · , Xσ(k+l−1)
)
,
whereX1, . . . , Xk+l−1 ∈ X (TM \ {0}), and Sp is the permutation group of elements
1, . . . , p. When l = 0, A is a vetor eld on TM \ {0} and iAα is the usual inner
produt of k-form α with respet to a vetor eld A. When l = 1, A is a (1, 1)-type
tensor eld and iAα is the k-form
iAα(X1, · · · , Xk) =
k∑
i=1
α(X1, ..., AXi, ..., Xk).(4)
We also dene iAα = 0 when α ∈ Λ
0(TM \ {0}) = C∞(TM \ {0}) and A is any
vetor valued l-form on TM \ {0}.
One an dene an exterior inner produt ∧ on the graded algebra of vetor valued
dierential forms on TM \ {0} using a similar formula as (4), [13℄. In this work
we will need only the exterior inner produt of a vetor valued k-form A with a
(1, 1)-type tensor B. In this ase we dene B∧A as the vetor valued k-form
B∧A(X1, · · · , Xk) =
k∑
i=1
B(X1, ..., AXi, ..., Xk).(5)
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Let A be a vetor valued l-form on TM \ {0}, where l ≥ 0. Then the exterior
derivative with respet to A is the map dA : Λ
k(TM \ {0})→ Λk+l(TM \ {0}) for
k ≥ 0,
dA = iA ◦ d− (−1)
l−1d ◦ iA.(6)
A k-form ω on TM \ {0} is alled dA-losed if dAω = 0 and dA-exat if there exists
θ ∈ Λk−l(TM \ {0}) suh that ω = dAθ.
When A ∈ X (TM \ {0}) (that is, when l = 0) and k ≥ 0, we obtain dA = LA,
where LA is the usual Lie derivative LA : Λ
k(TM \ {0})→ Λk(TM \ {0}). In this
ase equation (6) is Cartan's formula.
If A = Id, then l = 1 and dId = d sine iIdα = kα for α ∈ Λ
k(TM \ {0}).
Suppose A and B are vetor valued forms on TM \ {0} of degrees l ≥ 0 and
k ≥ 0, respetively. Then, the Fröliher-Nijenhuis braket of A and B is the unique
vetor valued (k + l)-form [A,B] on TM \ {0} suh that [13℄,
d[A,B] = dA ◦ dB − (−1)
kldB ◦ dA.(7)
When A and B are vetor elds (that is, when k = l = 0), then Fröliher-Nijenhuis
braket [A,B] oinides with the usual Lie braket [A,B] = LAB.
When A and B are (1, 1)-type tensor elds (that is, when k = l = 1), Fröliher-
Nijenhuis braket [A,B] is the vetor valued 2-form [19, p. 73℄
[A,B](X,Y ) = [AX,BY ] + [BX,AY ] + (AB +BA)[X,Y ](8)
−A[X,BY ]−B[X,AY ]−A[BX, Y ]−B[AX, Y ].
In partiular,
1
2
[A,A](X,Y ) = [AX,AY ] +A2[X,Y ]−A[X,AY ]−A[AX, Y ].(9)
For a (1, 1)-type tensor eld A, the vetor valued 2-form NA = (1/2)[A,A] is alled
the Nijenhuis tensor of A.
For a vetor eld X in X (TM \ {0}) and a (1, 1)-type tensor eld A on TM \{0}
the Fröliher-Nijenhuis braket [X,A] = LXA is the (1, 1)-type tensor eld on
TM \ {0} given by
LXA = LX ◦A−A ◦ LX .(10)
Next ommutation formulae on Λk(TM \ {0}), k ≥ 0, will be used throughout the
paper, [15℄:
iAdB − dBiA = dB◦A − i[A,B],(11)
LX iA − iALX = i[X,A],(12)
iXdA + dAiX = LAX − i[X,A],(13)
for (1, 1)-type tensor elds A,B and a vetor eld X on TM \ {0}. We will refer
to formula (13) as to the generalized Cartan's formula, sine by taking A = Id, it
redues to the usual Cartan formula.
2.2. Homogeneous objets. Suppose k is an integer. Then a funtion f ∈
C∞(TM \ {0}) is said to be positively k-homogeneous (or briey k-homogeneous)
if f(λy) = λkf(y) for all λ > 0 and y ∈ TM \ {0}. By Euler's theorem, a funtion
f ∈ C∞(TM \ {0}) is k-homogeneous if and only if LCf = kf , where C ∈ X (TM)
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is the Liouville vetor eld (or dilatation vetor eld) dened as C(y) = (y+sy)′(0).
In loal oordinates (xi, yi) for TM ,
(14) C = yi
∂
∂yi
.
Using vetor eld C, we also dene homogeneity for other objets on TM \ {0}. A
vetor eld X ∈ X (TM \ {0}) is k-homogeneous if and only if LCX = (k − 1)X .
Alternatively, a vetor eld is k-homogeneous if its ow is k-homogeneous. For
example, Liouville vetor eld C is 1-homogeneous. A p-form ω ∈ Λp(TM \ {0}) is
k-homogeneous if and only if LCω = kω. Lastly, a (1, 1)-tensor L on TM \ {0} is
k-homogeneous if and only if LCL = (k − 1)L.
2.3. Vertial alulus on TM \{0}. Next, we dene the anonial tangent stru-
ture J on TM \{0}, whih is a (1, 1)-type tensor on TM \{0}. Then, the Fröliher
Nijenhuis theory gives a partiular dierential alulus with operators iJ and dJ .
These operators are well suited for studying Finsler and Lagrange geometries on
TM \ {0} [4, 15, 23, 28, 36℄. They also play a key role in this paper.
The vertial subbundle is dened as
V TM = {ξ ∈ TTM : (Dpi)(ξ) = 0}.(15)
Then the map Vu : u 7→ Vu = V TM ∩ TuTM denes the vertial distribution V . It
is a n-dimensional, integrable distribution, being tangent to the natural foliation.
That is, any vertial vetor u ∈ V TM an be written as u = (y + tz)′(0) for some
vetors y, z ∈ TM with pi(y) = pi(z). An important vertial vetor eld on TM \{0}
is the Liouville vetor eld (14).
On TM \ {0} the tangent struture (or the vertial endomorphism) is the (1, 1)-
type tensor J dened as
J(ξ) = (τ(ξ) + t(Dpi)(ξ))
′
(0), ∀ξ ∈ TTM.
Here τ : TTM → TM is the anonial submersion of the seond order iterated
tangent bundle. Loally,
J =
∂
∂yi
⊗ dxi.(16)
Tensor J satises J2 = 0 and KerJ = Im J = V TM and J is 0-homogeneous sine
LCJ = [C, J ] = −J , [14℄. An important notion in this work is that of semi-basi
forms, [15, 23℄.
Denition 2.1. Consider k ≥ 1.
i) A k-form ω on TM \{0} is alled semi-basi if ω(X1, ..., Xk) = 0, when one
of the vetors Xi, i ∈ {1, ..., k} is vertial.
ii) A vetor valued k-form A on TM \{0} is alled semi-basi if it takes values
in the vertial bundle and A(X1, ..., Xk) = 0, when one of the vetors Xi,
i ∈ {1, ..., k} is vertial.
If a k-form ω is semi-basi then using formula (4) we obtain that iJω = 0. The
onverse is true only if k = 1. In other words, a 1-form θ ∈ Λ1(TM \ {0}) is semi-
basi if and only if iJθ = 0. Moreover, any semi-basi 1-form θ ∈ Λ
1(TM \{0}) an
be written as θ = iJω, for a (non unique) 1-form ω ∈ Λ
1(TM \ {0}). Semi-basi
1-forms are annihilators for the vertial distribution. In loal oordinates (xi, yi)
for TM \ {0}, a semi-basi 1-form an be expressed as θ = θi(x, y)dx
i
.
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If a vetor valued k-form A is semi-basi then J ◦ A = 0 and A∧J = 0. The
onverse is true only if k = 1. A vetor valued 1-form A on TM \ {0} is semi-basi
if and only if J ◦ A = 0 and A ◦ J = 0. It follows that the tangent struture J
is a vetor valued, semi-basi 1-form, and its Nijenhuis tensor NJ = (1/2)[J, J ]
vanishes. Hene equation (7) implies that
d2J = dJ ◦ dJ = 0.(17)
Formula (17) shows that any dJ -exat form on TM \ {0} is also dJ -losed.
For semi-basi forms, dJ is the exterior dierential along the leafs of the natural
foliation and from formula (17) it satises a loal Poinaré lemma, [39, 40℄. There-
fore, dJ -losed semi-basi forms on TM \{0} are loally dJ -exat. Note that a loal
Poinaré lemma does not hold true if we do not restrit dJ to semi-basi forms, as
it has been pointed out in [28, p.173℄. Loally, a semi-basi 1-form θ = θidx
i
is dJ -
losed and hene loally dJ -exat if and only if the matrix (∂θi/∂y
j) is symmetri.
The relation between dJ -losed and dJ -exat semi-basi forms on TM \ {0} has
been disussed by Klein [17℄ for the homogeneous ase. In this ontext it has been
shown by Klein and Voutier [18℄ and de León and Rodrigues [23℄ that a semi-basi
p-form, k-homogeneous with p 6= −k, is dJ -losed if and only if it is dJ -exat. In
Proposition 4.2 we will speialize this result to homogeneous, semi-basi 1-forms.
Denition 2.2. A semi-basi 1-form θ ∈ Λ1(TM \ {0}) is alled non-degenerate if
dθ is a sympleti form on TM \ {0}.
A semi-basi 1-form θ = θidx
i
is non-degenerate if and only if the matrix with
entries (∂θi/∂y
j) is non-degenerate.
3. Semisprays and nonlinear onnetions
A system of seond order dierential equations (SODE) on a manifoldM , whose
oeients funtions do not depend expliitly on time, an be viewed as a speial
vetor eld on TM \ {0}, whih is alled a semispray. If the oeients funtions
of the SODE are 2-homogeneous funtions, then the orresponding vetor eld is
alled a spray. In the ane ontext, the notion of spray was introdued by Ambrose
et al. [2℄ and later extended by Dazord [12℄.
In this setion, we start with a semispray S and onsider indued geometri
strutures that will be useful to express neessary and suient onditions for
S to be Lagrangian. These geometri strutures are dened using the nonlinear
onnetion indued by a semispray, whih was onsidered rst by Crampin [6℄ and
Grifone [14℄. A nonlinear onnetion an be haraterized using horizontal and
vertial projetors, horizontal lifts, almost produt strutures or almost omplex
strutures, see [4, 15, 23, 27, 28, 36℄. We point out some important features of the
indued geometri objets in the homogeneous ase that will be used in the paper.
3.1. Semisprays and nonlinear onnetions.
Denition 3.1. i) A semispray (or a seond order vetor eld) on M is a
vetor eld S ∈ X (TM \ {0}) suh that JS = C.
ii) A spray on M is a semispray S that is 2-homogeneous as a vetor eld.
Loally, a semispray S on M an be written as
S = yi
∂
∂xi
− 2Gi(x, y)
∂
∂yi
,(18)
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for some funtions Gi alled semispray oeients of S. Funtions Gi are dened
on domains of indued oordinate harts on TM \ {0}.
A spray on M is a vetor eld S ∈ X (TM \ {0}) suh that JS = C and [C, S] =
S. For a spray S funtions Gi in formula (18) are 2-homogeneous funtions where
dened.
Denition 3.2. A regular urve c : I → M is a geodesi of a semispray S if
S ◦ c′ = c′′.
If c(t) = (xi(t)) is a regular urve on M , then c is a geodesi of semispray S in
equation (18) if it satises the system of seond order ordinary dierential equations
(19)
d2xi
dt2
+ 2Gi
(
x,
dx
dt
)
= 0.
Next we onsider some tensors on TM \{0} assoiated with a semispray: horizontal
and vertial projetions h and v, almost produt and omplex strutures Γ and F,
the Jaobi endomorphism Φ and the urvature tensor R.
Denition 3.3. A nonlinear onnetion (or a horizontal distribution) on M is
dened by an n-dimensional distribution H : u ∈ TM \ {0} → Hu ⊂ Tu(TM \ {0})
that is supplementary to the vertial distribution V , whih means that Tu(TM \
{0}) = Hu ⊕ Vu, for all u ∈ TM \ {0}.
The horizontal projetor h and vertial projetor v are (1, 1)-type tensors on
TM \ {0} dened as [14℄,
(20) h =
1
2
(Id−LSJ) , v =
1
2
(Id+LSJ) .
Loally,
h =
δ
δxi
⊗ dxi, v =
∂
∂yi
⊗ δyi,
where
(21)
δ
δxi
=
∂
∂xi
−N ji
∂
∂yj
, δyi = dyi +N ijdx
j , and N ij =
∂Gi
∂yj
.
Funtions N ij are alled the nonlinear oeients assoiated to semispray S. The
(1, 1)-type tensor eld
(22) Γ = −LSJ
used to dene the horizontal and vertial projetors in formulae (20) is alled the
almost produt struture indued by semispray S, [14℄. It an be written as Γ = h−v
and therefore Γ2 = Id.
The almost omplex struture is the (1,1)-type tensor eld on TM \ {0} given
by [15, 28℄
(23) F = h ◦ LSh− J.
Loally,
(24) F =
δ
δxi
⊗ δyi −
∂
∂yi
⊗ dxi.
SEMI-BASIC 1-FORMS AND HELMHOLTZ CONDITIONS 8
It follows immediately that F2 = − Id. Moreover, the following formulae for the
above onsidered (1, 1)-type tensor elds will be useful throughout the paper:
F ◦ J = h, J ◦ F = v, v ◦ F = F ◦ h = −J, h ◦ F = F ◦ v = F+ J.
The Jaobi endomorphism Φ is dened as the (1, 1)-type tensor eld
Φ = v ◦ LSh = −v ◦ LSv.(25)
The Jaobi endomorphism Φ is a semi-basi vetor valued 1-form and it is also alled
the Douglas tensor [15℄. Jaobi endomorphism Φ has been dened as a (1, 1)-type
tensor eld along the tangent bundle projetion in [5, 11, 26℄. Loally,
Φ = Rij
∂
∂yi
⊗ dxj ,(26)
where
(27) Rij = 2
∂Gi
∂xj
− S
(
∂Gi
∂yj
)
−
∂Gi
∂yr
∂Gr
∂yj
.
The Jaobi endomorphism Φ has been used to study various aspets of an SODE:
variational equations [4, 5℄, symmetries [4, 5, 25℄, separability [25℄, linearizability
[11℄ as well as to express one of the Helmholtz ondition of the inverse problem of
the alulus of variation [7, 21, 26, 32, 34℄.
The urvature tensor R of a nonlinear onnetion N is dened as the Nijenhuis
tensor of the horizontal projetor h, R = (1/2)[h, h]. Loally,
(28) R = Rkijdx
i ∧ dxj ⊗
∂
∂yk
,
where
Rkij =
δNki
δxj
−
δNkj
δxi
.(29)
For the urvature tensor R we have that R(X,Y ) = R(hX, hY ) = v[hX, hY ] for
all X,Y ∈ X (TM \ {0}). Therefore R is a semi-basi, vetor valued 2-form that
vanishes if and only if the horizontal distribution is integrable. If the horizontal
distribution is integrable, then it is tangent to a foliation that is transverse to
the natural foliation and dh is the exterior dierentiation along the leafs of this
transverse foliation. It follows that for an integrable horizontal distribution we have
that d2h = dR = 0 and the restrition of the dierential operator dh to forms tangent
to the transverse foliation satises a loal Poinaré lemma, [39℄. Consequently, for
a at nonlinear onnetion, dh-exat 1-forms tangent to the transverse foliation are
loally dh-losed.
The urvature tensor R an be obtained diretly from the Jaobi endomorphism
Φ through the following formula, [15, 25, 36℄
3[J,Φ] +R = 0.(30)
One an also reover the Jaobi endomorphism Φ from the urvature tensor R
through the following formula
Φ = iSR + v ◦ LvSh.(31)
Indeed for a vetor eld X on TM \ {0}, we have Φ(X) = v[S, hX ] and R(S,X) =
v[hS, hX ]. Therefore, Φ(X) = R(S,X) + v[vS, hX ], whih proves formula (31).
If S is a spray then by Euler's theorem, the nonlinear oeients N ij dened
by formula (21) are 1-homogeneous. Using the homogeneity of a spray S and the
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horizontal projetor (20) it follows that S = hS, whih implies that S has the loal
expression
S = yi
δ
δxi
.(32)
Therefore, for a spray S, we have that vS = 0 and formula (31) gives
Φ = iSR.(33)
In loal oordinates formula (33) an be written as
Rij(x, y) = R
i
kj(x, y)y
k,(34)
and onnets the Jaobi endomorphism Rij given by formula (27) and the urvature
tensor Rikj given by formula (29).
3.2. Dynamial ovariant derivative. When a semispray S is given on a man-
ifold M , the Lie derivative LS denes a tensor derivation on TM \ {0}. However,
the derivation LS does not preserve the geometri strutures introdued in Setion
3.1. In this setion we show how to modify the derivation LS to obtain a tensor
derivation on TM \ {0} that preserves these geometri strutures. This derivation
is alled the dynamial ovariant derivative of the semispray. The notion of dynam-
ial ovariant derivative indued by a semispray was rst introdued by Carinena
and Martinez in [5℄ as a derivation of degree 0 along the tangent bundle projetion,
see also [11, 25, 26, 36℄. It was also studied as a semi-basi derivation of semi-basi
forms by Grifone and Muzsnay [15℄. An extensive disussion about the dynami-
al ovariant derivative ∇ and other linear onnetion along the tangent bundle
projetion, whih are assoiated to a semispray, is due to Sarlet [34℄.
Denition 3.4. A map ∇ : T (TM \ {0}) → T (TM \ {0}) is said to be a tensor
derivation on TM \ {0} if it satises the following onditions:
i) ∇ is R-linear;
ii) ∇ is type preserving, whih means that ∇(T rs (TM \{0})) ⊂ T
r
s (TM \{0}),
for eah pair (r, s) in N× N;
iii) ∇ obeys the Leibnitz rule, whih means that ∇(T ⊗S) = ∇T ⊗S+T ⊗∇S
for any tensor elds T, S on TM \ {0};
iv) ∇ ommutes with any ontrations.
For a semispray S on M , let us onsider the R-linear map ∇0 : X (TM \ {0})→
X (TM \ {0})
(35) ∇0X = h[S, hX ] + v[S, vX ], ∀X ∈ X (TM \ {0}) .
One an immediately hek that
(36) ∇0(fX) = S(f)∇0X + f∇0X, ∀f ∈ C
∞(TM \ {0}), ∀X ∈ X (TM \ {0}) .
Any tensor derivation on TM \{0} is ompletely determined by its ation on smooth
funtions and vetor elds on TM \ {0}, see [36, p. 1217℄. Therefore there exists a
unique tensor derivation ∇ on TM \ {0} suh that
∇|C∞(TM\{0}) = S, ∇|X(TM\{0}) = ∇0.
We will all the tensor derivation ∇, the dynamial ovariant derivative indued by
the semispray S.
Next, we will obtain some alternative expressions for the ation of the dynamial
ovariant derivative ∇ on vetor elds, forms and vetor-valued forms on TM \{0}.
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From formula (35), we have that the ation of ∇ on X (TM \ {0}) an be written
as
(37) ∇ = h ◦ LS ◦ h+ v ◦ LS ◦ v.
Sine LSh = LS ◦ h− h ◦ LS , it follows that formula (37) an be written as
(38) ∇ = LS + h ◦ LSh+ v ◦ LSv.
Formula (38) an be further expressed as
(39) ∇ = LS +Ψ,
where
(40) Ψ = h ◦ LSh+ v ◦ LSv = Γ ◦ LSh = (F+ J)− Φ
is a (1,1)-type tensor eld on TM \ {0}. Deomposition (39) of the dynamial
ovariant derivative ∇ an be ompared with deomposition formula (96) in [26℄.
Let ω be a k-form on TM \ {0}. Sine ∇ satises the Leibnitz rule, we obtain
(41) (∇ω)(X1, ..., Xk) = ∇(ω(X1, ..., Xk))−
k∑
i=1
ω(X1, ...,∇Xi, ..., Xl).
Using expressions (41) and (39) we obtain that the dynamial ovariant derivative
∇ has the following expression on Λk(TM \ {0})
(42) ∇ = LS − iΨ.
The ation of ∇ on vetor valued k-forms on TM \ {0} an be dened using a
formula similar with (41). We obtain that for a vetor valued k-form A on TM \{0},
its dynamial ovariant derivative is given by
∇A = LSA+Ψ ◦A−A∧Ψ.(43)
Formula (43) oinides with the semi-basi derivation ating on semi-basi vetor
valued forms onsidered by Grifone and Muzsnay [15, Proposition 4.4℄. When
k = 1 and A is a (1, 1)-type tensor eld on TM \ {0}, we obtain that its dynamial
ovariant derivative is given by
(44) ∇A = LSA+Ψ ◦A−A ◦Ψ.
Next theorem shows that the dynamial ovariant derivative ∇ preserves by
parallelism the geometri strutures indued by a semispray S.
Theorem 3.5. Consider ∇ the dynamial ovariant derivative indued by a semis-
pray S and k ≥ 0.
i) ∇h = 0, ∇v = 0, whih means that ∇ preserves the horizontal and vertial
distributions;
ii) ∇J = 0, ∇F = 0, whih means that ∇ ats identially on both vertial and
horizontal distributions (see also formulae (51) and (52) below);
iii) The restrition of ∇ to Λk(TM \ {0}) and the exterior dierential operator
d satises the ommutation formula
d∇−∇d = dΨ.(45)
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iv) The restrition of ∇ to Λk(TM \ {0}) satises the following ommutation
rule:
∇iA − iA∇ = i∇A,(46)
for any vetor valued l-form A on TM \{0}. If l = 1 and A ∈ {h, v, J,Γ,F}
then
∇iA − iA∇ = 0.(47)
Proof. From formula (40), whih denes the (1, 1)-type tensor Ψ, it follows that
h ◦Ψ−Ψ ◦ h = LSh,(48)
J ◦Ψ−Ψ ◦ J = LSJ,(49)
F ◦Ψ−Ψ ◦ F = LSF.(50)
Using formula (44), we obtain that the rst two items of the proposition are true.
From formula (42) it follows that
d∇ = dLS − diΨ = LSd− iΨd+ dΨ = ∇d+ dΨ
and hene formula (45) is true.
We will mainly need formula (46) for l = 0 or l = 1. We will prove it for l = 1.
Using formulae (42), (12) and (44), we have
∇iA − iA∇ = LSiA − iALS − iΨiA + iAiΨ = i[S,A] − iA◦Ψ + iΨ◦A = i∇A.
Using rst two items of the theorem and formula (46) we obtain ommutation
formulae (47). 
From Theorem 3.5 we obtain that ∇J = 0 and ∇iJ = iJ∇ and hene the
dynamial ovariant derivative ∇ preserves semi-basi (vetor valued) forms. The
restrition of ∇ to semi-basi forms oinides with the semi-basi derivation studied
by Grifone and Muzsnay [15℄. Commutation rule (46) shows that the dynamial
ovariant derivative ∇ is a self-dual derivation in the sense of [26, Theorem 3.2℄.
To express the ation of ∇, let us rst note that[
S,
∂
∂yi
]
= −
δ
δxi
+Nki
∂
∂yk
,
[
S,
δ
δxi
]
= Nki
δ
δxk
+Rki
∂
∂yk
.
Therefore, it follows that
∇
δ
δxi
= h
[
S,
δ
δxi
]
= Nki
δ
δxk
,(51)
∇
∂
∂yi
= v
[
S,
∂
∂yi
]
= Nki
∂
∂yk
,(52)
and hene ∇ oinides with the ovariant derivative studied in [3, 4℄. Sine hor-
izontal and vertial vetor elds an be projeted onto vetor elds along the
tangent bundle projetion, one an also projet formulae (51) or (52) and obtain
the dynamial ovariant derivative along the tangent bundle projetion studied in
[11, 22, 25, 26, 36℄.
The next proposition shows that when S is a spray the dynamial ovariant
derivative has more properties.
Proposition 3.6. Consider ∇ the dynamial ovariant derivative indued by a
spray S.
i) ∇S = 0 and ∇C = 0,
SEMI-BASIC 1-FORMS AND HELMHOLTZ CONDITIONS 12
ii) ∇iS = iS∇ and ∇iC = iC∇.
Proof. Sine Ψ(S) = 0 and Ψ(C) = S we obtain using formula (39) that ∇S = 0
and ∇C = 0. Seond part follows from formula (46) for l = 0 and A ∈ {S,C}. 
4. Semi-basi 1-forms and Helmholtz onditions
In Setion 5 we show that the geodesis of a semispray S are solutions of the
Euler-Lagrange equations for some Lagrangian L if and only if there exists a semi-
basi 1-form θ ∈ Λ1(TM \ {0}) suh that the 1-form LSθ is losed. We rst nd
neessary and suient onditions, alled Helmholtz onditions, for a semi-basi
1-form θ ∈ Λ1(TM \ {0}) suh that the 1-form LSθ is losed. We then relate
these Helmholtz onditions with their lassi formulation in terms of a multiplier
matrix. Finally, we show that for a spray and a homogeneous, semi-basi 1-form
θ ∈ Λ1(TM \ {0}), the 1-form LSθ is losed if and only if it is exat. Moreover,
depending on the degree of homogeneity, some of the Helmholtz onditions an be
derived from the other ones.
4.1. Helmholtz onditions for semi-basi 1-forms. Next theorem provides
neessary and suient onditions for a semi-basi 1-form θ ∈ Λ1(TM \ {0}) suh
that the 1-form LSθ is losed.
Theorem 4.1. Let S be a semispray on M and let θ be a semi-basi 1-form on
TM \ {0}. Then LSθ is losed if and only if it satises the following Helmholtz
onditions
dhθ = 0, dJθ = 0, ∇dθ = 0, dΦθ = 0.(53)
Proof. From formulae (42) and (40) it follows that for the 2-form dθ we have
LSdθ = ∇dθ + iF+Jdθ − dΦθ.(54)
For a semi-basi 1-form θ ∈ Λ1(TM \ {0}) we have
(55) (dθ)(JX, JY ) = (JX)((θ ◦ J)(Y ))− (JY )((θ ◦ J)(X))− θ([JX, JY ]) = 0,
for all X,Y in X (TM \ {0}). For the last equality in formula (55) we used that
θ ◦ J = 0 and [JX, JY ] = J [X, JY ] + J [JX, Y ], whih is true sine NJ = 0.
Therefore, the 2-form dθ vanishes on any pair of vertial vetors. Using the fat
that ∇J = 0, it follows that the 2-form ∇dθ also vanishes on any pair of vertial
vetors.
For a semi-basi 1-form θ we have that Φ ◦ J = v ◦ LS ◦ h ◦ J = 0 and J ◦ Φ =
J ◦ v ◦ LS ◦ h = 0, sine h ◦ J = 0 and J ◦ v = 0. Therefore,
(56) dΦθ(X, JY ) = iΦdθ(X, JY ) = dθ(ΦX, JY ) = 0.
Last equality in formula (56) is due to the fat that ΦX and JY are vertial vetor
elds.
We evaluate both sides of formula (54) on a pair of vetors of the form JX, JY ,
for arbitrary X,Y in X (TM \ {0}). Using formulae (55) and (56) we obtain
LSdθ(JX, JY ) = iF+Jdθ(JX, JY ) = dθ (hX, JY ) + dθ (JX, hY )(57)
= dJθ (hX, hY ) = dJθ(X,Y ).
We proeed now to prove that LSθ is losed if and only if onditions (53) are
true. From formula (54) it follows that LSθ is losed if and only if
∇dθ + iF+Jdθ − dΦθ = 0.(58)
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We assume rst that LSθ is losed and prove that the four onditions in (53)
hold. From formula (57) it follows that dJθ = 0. Therefore ∇dJθ = ∇iJdθ = 0.
Using the ommutation rule ∇iJ = iJ∇, we obtain that iJ∇dθ = 0 and hene
(∇dθ)(JX, Y ) + (∇dθ)(X, JY ) = 0, ∀X,Y ∈ X (TM \ {0}) .(59)
Let us evaluate the 2-form iF+Jdθ on a pair of vetors X, JY , for X,Y in
X (TM \ {0}). Aording to formula (57), this 2-form vanishes on the pair of ver-
tial vetors vX, JY and hene we have
iF+Jdθ(X, JY ) = iF+Jdθ(hX, JY ) = dθ(hX, hY ) = dhθ(X,Y ).(60)
Therefore, if we evaluate the left hand side of formula (58) on a pair of vetors
X, JY , for X,Y in X (TM \ {0}) and use formula (60) we obtain
(∇dθ)(X, JY ) + dhθ(X,Y ) = 0.(61)
Similarly, if we evaluate the left hand side of formula (58) on a pair of vetors
JX, Y , for X,Y in X (TM \ {0}) and use formula (60) we obtain
LSθ(X, JY ) = (∇dθ)(JX, Y ) + dhθ(X,Y ).(62)
Now, using formulae (61), (62) and (59) it follows that dhθ = 0 and ∇dθ = 0.
Finally, from formula (58) it follows that last Helmholtz ondition dΦθ = 0 is also
satised.
For the other diretion, let us assume that onditions in (53) hold and let us
prove that LSθ is losed. In view of formula (54), we only need to prove that
iF+Jdθ = 0. Sine (F + J) ◦ h = 0 it follows that iF+Jdθ vanishes on any pair of
horizontal vetors. It remains to show that iF+Jdθ(X, JY ) = 0, for two arbitrary
vetor elds X and Y on TM \ {0}. For vetor eld X there exists a vetor eld Z
on TM \ {0} suh that vX = JZ. Therefore,
iF+Jdθ(X, JY ) = iF+Jdθ(hX, JY ) + iF+Jdθ(JZ, JY )
= dhθ(X,Y ) + dJθ(Z, Y ).
Conditions dJθ = 0, dhθ = 0, and the above onsiderations imply that iF+Jdθ = 0
and hene LSθ is losed. 
4.2. Helmholtz onditions for a multiplier matrix. We will show how ondi-
tions (53), expressed in terms of a semi-basi 1-form, are related with the lassi
formulation of Helmholtz onditions expressed in terms of a multiplier matrix.
For a semi-basi 1-form θ = θidx
i ∈ Λ1(TM \{0}), let us introdue the following
notations
aij :=
1
2
(
δθi
δxj
−
δθj
δxi
)
, gij :=
1
2
∂θi
∂yj
.(63)
With respet to these notations we have
dθ = aijdx
j ∧ dxi + 2gijδy
j ∧ dxi;
dhθ = aijdx
j ∧ dxi;
dJθ = (gij − gji)dx
j ∧ dxi;
dΦθ = (gkjR
k
i − gikR
k
j )dx
j ∧ dxi.
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Moreover if dhθ = 0 it follows that ∇dθ = 2(∇gij)δy
j ∧ dxi, where ∇gij = S(gij)−
Nki gkj − N
k
j gik. Therefore, onditions (53) an be expressed in oordinates as
follows:
aij = 0, gij = gji, ∇gij = 0, gikR
k
j = gjkR
k
i .(64)
Last three onditions in (64) together with
∂gij
∂yk
=
∂gik
∂yj
,
whih is satised in view seond notation (63), are known as the Helmholtz on-
ditions for the inverse problem of Lagrangian dynamis, [32℄. A global formu-
lation of Helmholtz onditions (64) in terms of the (0,2)-type symmetri tensor
g = gijdx
i ⊗ dxj along the tangent bundle projetion has been obtained by Mar-
tinez et al. in [26℄.
4.3. Homogeneous ase. In this setion we prove Theorem 4.3, whih is a rene-
ment of Theorem 4.1 in the ase that the 1-form θ is homogeneous. In this ase,
LSθ is losed if and only if LSθ is exat. Also, depending of the degree of homo-
geneity, one an drop either one or two onditions from Helmholtz onditions (53).
See ondition iv) in Theorem 4.3 below. The fat that for a spray S, one of the
Helmholtz ondition is a onsequene of the other ones has been proved reently,
in a dierent way, by Prine [30℄.
In Proposition 4.2 we show that a semi-basi 1-form, (k − 1)-homogeneous with
k 6= 0, is dJ -losed if and only if it is dJ -exat. This result has been obtained in
a more general ontext by Klein [17℄, Klein and Voutier [18℄ and used reently by
Vattamáni [41℄ and Szilasi and Vattamáni [38℄ in the Finslerian ontext.
Proposition 4.2. Let k be an integer.
i) If L is a k-homogeneous funtion L ∈ C∞(TM \ {0}), then Poinaré-
Cartan 1-form dJL ∈ Λ
1(TM \ {0}) is semi-basi, dJ -losed, and (k − 1)-
homogeneous.
ii) If a semi-basi 1-form θ ∈ Λ1(TM \{0}) is (k−1)-homogeneous with k 6= 0,
and dJ -losed, then θ is dJ -exat. Moreover, if S is a spray on M , then
L =
1
k
iSθ.(65)
is the unique k-homogeneous funtion L ∈ C∞(TM\{0}) suh that θ = dJL
(we say that L is the potential funtion for the semi-basi 1-form θ).
Let us note thatM has at least one spray sine we assume thatM is paraompat.
Also, by uniqueness in ii), funtion L in equation (65) does not depend on S.
Proof. i) Sine the tangent struture J is 0-homogeneous, whih means that [C, J ] =
−J , and using formula (7) we obtain
LCdJL− dJLCL = −dJL.
Therefore, dJL is (k − 1)-homogeneous sine LCf = kf . Also, dJL is dJ -losed by
equation (17), and semi-basi sine iJdJL = dL ◦ J
2 = 0.
ii) Let S be a spray on M . We prove that dJL = θ, when funtion L is dened
in equation (65). By denition we have JS = C, and by equation (22), we have
[S, J ] = −Γ. The generalized Cartan's formula (13) then gives
iSdJθ + dJ iSθ = LJ(S)θ − i[S,J]θ = LCθ + iΓθ.
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Now dJθ = 0, LCθ = (k − 1)θ, and iΓθ = θ ◦ Γ = θ ◦ h = θ, so dJ iSθ = kθ and
dJL = θ by equation (65).
Let S and L be as in the proof of ii). To prove that L is k-homogeneous, let us
rst note that [C, S] = S, and by homogeneity LCθ = (k − 1)θ. Commutation rule
LCiSθ − iSLCθ = i[C,S]θ
then gives LCL = kL, where L is dened in equation (65).
For uniqueness, suppose that L˜ is another k-homogeneous potential funtion for
θ. Then θ = dJ L˜ = dJL. If S
∗
is a spray onM , then dJL(S
∗) = C(L) = LCL = kL.
Hene kL = kL˜, and L = L˜. 
Theorem 4.3. Let S be a spray on M , and let θ ∈ Λ1(TM \ {0}) be a semi-basi
1-form. If θ is (k − 1)-homogeneous with k 6= 0, then the following onditions are
equivalent:
i) LSθ is losed;
ii) LSθ is exat;
iii) kLSθ = diSθ;
iv)
{
dhθ = 0, dJθ = 0, when k = 1,
dhθ = 0, dJθ = 0, ∇dθ = 0, when k /∈ {−1, 0, 1}.
Proof. Impliations iii) ⇒ ii) ⇒ i) are lear, and impliation i) ⇒ iv) follows by
Theorem 4.1. To prove impliation iv) ⇒ iii), let us assume that one branh in
iv) holds. By the generalized Cartan's formula (13) we have iSdhθ + dhiSθ =
LSθ − i[S,h]θ. Sine θ is semi-basi, formula (25) yields i[S,h]θ = θ ◦ F, and by
assumption dhθ = 0. Hene
LSθ = dhiSθ + θ ◦ F.(66)
Sine θ is dJ -losed and (k − 1)-homogeneous, Proposition 4.2 implies that there
exists a k-homogeneous funtion L ∈ C∞(TM \ {0}) suh that kL = iSθ. Sine
J ◦ F = v, we have θ ◦ F = dJf ◦ F = dvL, and using dL = dvL+ dhL, we obtain
LSθ = kdhL+ dvL = dL + (k − 1)dhL.(67)
Case 1: When k = 1 equation (67) implies that LSθ = dL and iii) follows.
Case 2: We show that if k /∈ {−1, 0,+1} then dhL = 0 whene ondition iii)
follows by equation (67). Using Cartan's formula (6) we have LSθ = iSdθ+ diSθ =
iSdθ + kdL. Combining this with formula (67) gives iSdθ = (1− k)dvL, whene
∇dvL =
1
1− k
∇iSdθ =
1
1− k
iS∇dθ = 0,
where we used ∇iS = iS∇ and assumption ∇dθ = 0. Contrating ∇dvL = 0 by C
similarly gives
0 = iC∇dvL = ∇iCdvL = k∇L.
We have proven that ∇L = 0, so LSL = 0. Equation (7) then gives
d[S,J]L = LSdJL− dJLSL = LSdJL.(68)
By equations (20), we have [S, J ] = v − h, so d[S,J]L = dvL − dhL. Equation (67)
gives LSdJL = LSθ = dL+ (k − 1)dhL = dvL+ kdhL sine dL = dvL+ dhL. Now
equation (68) gives (k + 1)dhL = 0. Thus dhL = 0 and iii) follows. 
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5. The inverse problem of the alulus of variations
The inverse problem of the alulus of variations for a given semispray has so-
lutions if and only if there exists a multiplier matrix that satises the Helmholtz
onditions (64), [7, 21, 32℄. Within the Helmholtz onditions, the multiplier matrix
is the Hessian of a (loally dened) Lagrangian for whih the given semispray is an
Euler-Lagrange vetor eld.
In the previous setion we did reformulate the Helmholtz onditions in terms
of semi-basi 1-forms. In this setion, we prove that the inverse problem of the
alulus of variation has solutions if and only if there exists a semi-basi 1-form
that satises the Helmholtz onditions (53). In this ase, the semi-basi 1-form is
the Poinaré-Cartan 1-form of a loally dened Lagrangian for whih the semispray
is an Euler-Lagrange vetor eld.
In the homogeneous ase, aording to Theorem 4.3, we have that if for a spray
S there exists a (k − 1)-homogeneous semi-basi 1-form θ, k 6= 0, that satises the
Helmholtz onditions (53) then its potential funtion L = (1/k)iSθ is a globally
dened Lagrangian for whih S is an Euler-Lagrange vetor eld. We will use this
result to study two inverse problems in Finsler geometry.
5.1. Lagrangian semisprays. We show that Helmholtz onditions (53) are ne-
essary and suient onditions for a semispray S to be loally Lagrangian.
Denition 5.1. i) A smooth funtion L ∈ C∞(TM \ {0}) is alled a La-
grangian.
ii) If for a Lagrangian L, its Poinaré-Cartan 1-form dJL is non-degenerate,
then the Lagrangian is alled regular.
iii) If there exists a 1-homogeneous funtion F ∈ C∞(TM \ {0}) suh that the
Lagrangian L = F 2 is regular, then F is alled a Finsler metri.
For a regular Lagrangian L, the non-degeneray of the Poinaré-Cartan 1-form
dJL states that the n× n symmetri matrix with omponents
(69) gij(x, y) =
1
2
∂2L
∂yi∂yj
(x, y)
has rank n on TM \ {0}, [28℄.
For a Lagrangian L, the variational problem leads to the Euler-Lagrange equa-
tions:
(70)
d
dt
(
∂L
∂yi
)
−
∂L
∂xi
= 0.
For a semispray S, its geodesis, given by the system of seond order dierential
equations (19), are solutions of the Euler-Lagrange equations (70) if and only if the
two sets of equations are related by formula (2), with the multiplier matrix given
by formula (69). Therefore, if for a semispray S, there exists a Lagrangian L suh
that formula (2) holds true, then Euler-Lagrange equations (70) are equivalent with
[28, 33℄
(71) S
(
∂L
∂yi
)
−
∂L
∂xi
= 0,
whih an be further expressed as
(72) LSdJL = dL.
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For a Lagrangian L, a semispray S that satises equation (72) is alled an Euler-
Lagrange vetor eld. If L is regular, L has an unique Euler-Lagrange vetor eld.
Denition 5.2. A semispray S on M is alled (loally) Lagrangian if there exists
a (loally dened) Lagrangian L that satises equation (72).
Theorem 5.3. Let S be a semispray on M . Then, S is a loally Lagrangian vetor
eld if and only if there exists a semi-basi 1-form θ ∈ Λ1(TM \ {0}) suh that the
Helmholtz onditions (53) are satised.
Proof. We assume that the semispray S is derived from a loally dened Lagrangian
L. Consider θ = dJL, the Poinaré-Cartan 1-form of L. From formula (72) it follows
that LSθ is losed and using Theorem 4.1 it follows that the semi-basi 1-form θ
satises Helmholtz onditions (53).
For the onverse, onsider a semi-basi 1-form θ ∈ Λ1(TM \ {0}) suh that
Helmholtz onditions (53) are satised. Using Theorem 4.1 it follows that the 1-
form LSθ is losed. Therefore, there exists a loally dened funtion L on TM \{0}
suh that
(73) LSθ = dL.
If we apply iJ to both sides of formula (73) we obtain
(74) iJLSθ = dJL.
From formulae (12) and (22) we obtain the following ommutation formula
(75) iJLS − LSiJ = −i[S,J] = ih−v.
Now, we substitute the derivation iJLS from formula (75) into formula (74), we
use that θ is semi-basi, whih implies that iJθ = 0 and ih−vθ = θ and obtain
(76) dJL = θ.
In view of equations (73) and (76) we obtain that equation (72) is satised and
hene the semispray S is a loally Lagrangian vetor eld. 
The regularity of a Lagrangian is haraterized by the non-degeneray of its
Poinaré-Cartan 1-form. Therefore, a semispray S is indued by a (loally dened)
regular Lagrangian if and only if there exists a non-degenerate semi-basi 1-form
θ ∈ Λ1(TM \ {0}) that satises the Helmholtz onditions (53).
Theorem 5.3 was inspired by a Theorem of Crampin [7℄, where loally Lagrangian
semisprays are haraterized in terms of 2-forms. A version of this result, in the
homogeneous ase, is due to Klein [17℄.
Sarlet et al. [33℄ assoiate to a semispray S a partiular subset Λ1S(TM \ {0}) =
{ω ∈ Λ1(TM \ {0}),LSiJω = ω} of 1-forms on TM \ {0}. (Loally) Lagrangian
semisprays are then haraterized by the property that Λ1S(TM \ {0}) ontains an
element ω that is (losed) exat and iJω is non-degenerate. The relation between
this result and Theorem 5.3 is as follows. Let θ be a non-degenerate, semi-basi
1-form suh that LSθ is losed. Consider the losed 1-form ω = LSθ. From formula
(74) it follows that iJω = θ is non-degenerate, and from equation (72) it follows
that LSiJω = ω, whih means that ω ∈ Λ
1
S(TM \ {0}).
For a Lagrangian semispray S, two of the Helmholtz onditions (64): aij = 0
and ∇gij = 0 where used in [3℄ to haraterize the anonial nonlinear onnetion
of a Lagrange spae.
SEMI-BASIC 1-FORMS AND HELMHOLTZ CONDITIONS 18
5.2. Further disussions of Helmholtz onditions. For a semispray S, on-
sider a semi-basi 1-form θ on TM \ {0} that satises the Helmholtz onditions
(53). Three of these onditions an be expressed as follows
iΓdθ = 0, iJdθ = 0, iΦdθ = 0.(77)
First two onditions (77) xes the number of unknown omponents of dθ = 2gijδy
j∧
dxi to n(n+ 1)/2. Third ondition (77) imposes algebrai restritions on dθ.
Grifone and Muzsnay assoiate to a semispray S the graded Lie algebra AS of
vetor valued forms A suh that iAdθ = 0. Using Theorem 3.5 it follows that if
A ∈ AS then ∇A ∈ AS . Therefore, iterated ovariant derivatives∇
kΦ of the Jaobi
endomorphism impose further algebrai restritions on dθ
i∇kΦdθ = 0.(78)
The sequene of (1, 1)-type tensor elds Φ(k) := ∇kΦ where onsidered previously
by Sarlet [32℄, Crampin [8℄ and Grifone and Muzsnay [15℄.
From formula (7) it follows that if A,B ∈ AS then [A,B] ∈ AS . Therefore,
Helmholtz onditions dJθ = 0 and dΦθ = 0 and formula (30) imply that dRθ = 0,
whih gives a new algebrai restrition on dθ
iRdθ = 0.(79)
Hene, the graded Lie algebra AS of algebrai restritions on dθ ontains also the
sequene of iterated ovariant derivatives ∇kR of the urvature tensor R.
The graded Lie algebra AS is used in general to formulate non-existene results
for a semispray S to be Lagrangian, [15, 32℄. It follows that if there exists p ∈ M
suh that rank{AS(p)} > n(n+ 1)/2 then S is not Lagrangian.
We note that for the homogeneous ase the fat that some of the Helmholtz
onditions an be derived from the other ones, in a non-linear way, does not hange
the rank of AS and hene it does not hange the rank of algebrai restritions one
have to impose on dθ.
5.3. Lagrangian sprays. We show that in the homogeneous ase, a spray S is
Lagrangian if and only if only two or three of the Helmholtz onditions are satis-
ed, depending on the degree of homogeneity. In partiular we disuss Helmholtz
onditions for two important inverse problems: projetive metrizability and Finsler
metrizability.
Theorem 5.4. Let S be a spray on M . Then S is a Lagrangian vetor eld, indued
by a k-homogeneous Lagrangian, if and only if there exists a (k − 1)-homogeneous,
semi-basi 1-form θ ∈ Λ1(TM \ {0}) suh that
(80)
{
dhθ = 0, dJθ = 0, when k = 1,
dhθ = 0, dJθ = 0, ∇dθ = 0, when k /∈ {−1, 0, 1}.
Proof. Suppose that the spray S is an Euler-Lagrange vetor eld for a k-homogenous
lagrangian L. It follows that the Poinaré-Cartan 1-form θ = dJL is a (k − 1)-
homogeneous, semi-basi 1-form. Sine equation (72) holds true it follows using
Theorem 4.3 that θ satises onditions (80).
Conversely, suppose that there exists a (k − 1)-homogeneous, semi-basi 1-form
θ ∈ Λ1(TM \ {0}) satises onditions (80). From Proposition 4.2 it follows that
L = (1/k)iSθ is a k-homogeneous Lagrangian. Using Theorem 4.3 it follows that
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onditions (80) imply that L satises equation (72) and hene S is a Lagrangian
vetor eld. 
Next, we will disuss in more details the two branhes of onditions (80) and
show that they orrespond to two inverse problems studied in Finsler geometry:
Finsler metrizability and projetive metrizability.
Denition 5.5. A spray S is projetively metrizable if there exists a 1-homogeneous
Lagrangian F suh that equation (72) is satised.
Note that in this denition and hene this work we do not neessarily assume
that F is a Finsler metri, whih in addition would require that the Hessian of
F with respet to the bre derivatives has rank (n − 1). For a disussion on
the regularity of the Lagrangian L = F 2 and the hessian of F we refer to the
book of Matsumoto [24℄ as well as to the reent work of Crampin [10℄ and Szilasi
[37℄. If a spray S is projetively metrizable, its geodesis, up to an orientation
preserving reparameterization, are solutions of the Euler-Lagrange equations of a
1-homogeneous lagrangian L. Indeed if a F is a 1-homogenous solution of (72) then
the Euler-Lagrange equations (70) for F an be written as
hij
(
x,
dx
dt
)(
d2xi
dt2
+ 2Gi
(
x,
dx
dt
))
= 0.(81)
In the above equations (81) hij are the omponents of the Hessian of F with respet
to the ber oordinates. Sine hij are (−1)-homogeneous it follows that hij
dxj
dt
= 0
and hene the system of equations (81) is invariant under an orientation preserving
reparameterization.
The problem of projetive metrizability of a spray S is related to Hilbert's fourth
problem. For a at spray this problem was rst studied by Hamel [16℄ and it is
known as the Finslerian version of Hilbert's fourth problem [1, 10, 37℄. For a gen-
eral spray, Rapsák [31℄ was rst to provide riteria, in loal oordinates, for the
projetive metrizability of a spray. Global formulations for projetive metrizability
riteria were obtained by Klein [17℄, Klein and Voutier [18℄ and Szilasi [37℄. An ex-
tensive disussion of the projetive metrizability of a spray appears in Vattamány's
Ph.D thesis [41, hapter 2℄.
Aording to Theorem 5.4, we have that a spray S is projetively metrizable if
and only if there exists a 0-homogeneous, semi-basi 1-form θ ∈ Λ1(TM \ {0}) suh
that dhθ = 0 and dJθ = 0. Aording to Proposition 4.2 the ondition dJθ = 0
implies that F = iSθ is the only 1-homogeneous Lagrangian that satises θ = dJF .
Moreover, from Theorem 4.3 it follows that F satises the ondition LSdJF = dF ,
whih is equivalent to iSddJF = 0. Last ondition represents ondition Rap 1 in
Theorem 8.1 by Szilasi [37℄. Also ondition dhθ = 0 represents ondition Rap 4 in
the same ited work.
For the partiular ase of a at spray we obtain that the indued nonlinear
onnetion is integrable and hene [h, h] = 0. It follows that d2h = 0 and therefore
any dh-losed semi-basi 1-form is loally dh-exat, [39℄. Sine dhθ = 0 it follows
that there exists a 0-homogeneous funtion f ∈ C∞(TM \ {0}) suh that θ = dhf .
From the above disussion we have that the 1-homogeneous funtion F = iSθ
projetively metriizes the spray S if and only if θ = dhf . Therefore
F = iSθ = iSdhf = S(f)
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projetively metriizes the spray S if and only if dhdJf = 0. In loal oordinates,
we have that last ondition is equivalent to
(82)
∂2f
∂yi∂xj
=
∂2f
∂yj∂xi
.
This is a reformulation of Proposition 2 by Crampin [10℄ or Proposition 8.1 by
Szilasi [37℄, whih state that F = S(f) is a 1-homogeneous funtion that projetively
metriizes the spray S if and only if there exists a 0-homogeneous funtion f on
TM\{0} that satises ondition (82). Both Crampin and Sarlet ask more onditions
for the symmetri bilinear form with omponents (82) to obtain that F = S(f) is
a Finsler funtion.
Denition 5.6. A spray S is Finsler metrizable if there exists a 2-homogeneous
Lagrangian L suh that equation (72) is satised.
Note that in this denition and hene this work we do not neessarily require
the regularity of the Lagrangian. If a spray S is Finsler metrizable, its geodesis
are also solutions of the Euler-Lagrange equations of a 2-homogeneous lagrangian
L. The Finsler metrizability problem, viewed as the inverse problem of the alulus
of variation restrited to the lass of 2-homogeneous Lagrangians has been studied
reently by Crampin [9℄, Krupka and Sattarov [20℄, Muzsnay [29℄, Prine [30℄, Szilasi
and Vattamáni [38℄.
Aording to Theorem 5.4, we have that a spray S is Finsler metrizable if and
only if there exists a 1-homogeneous, semi-basi 1-form θ ∈ Λ1(TM \{0}) suh that
dhθ = 0, dJθ = 0 and ∇dθ = 0. Aording to Proposition 4.2 the ondition dJθ = 0
implies that 2L = iSθ is the only 2-homogeneous Lagrangian that satises θ = dJL.
Moreover, from Theorem 4.3 it follows that L satises the ondition LSdJL = dL,
whih is equivalent to iSddJL = −dL. Last ondition is equivalent to dhL = 0
that has been used by Muzsnay [29℄ to obtain neessary and suient onditions
for Finsler metrizability in term of an assoiated holonomy algebra.
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